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SUMMARY

analysishasbeendevelopedforthecaseofdistrib-
foreigngasintoa turbulentboundarylsyerinair

on a flatplate.Theworkisdividedintothreeparts:‘aderivationof
thebasicturbulentbounda~-lsyerequationsfora binarygassystem;a
derivationofmodifiedReynoldsanalogiesbetweenmomentum,mass,and
heattransferfora binarygassystem;andan evaluationof theeffectof
foreigngasinjectionontheskinfrictionsmdheattransferofa nearly

. isothemalboundarylayerby meansofmixinglengththeory.Nwerical
resultsarepresentedfortheinjectionofhydrogenandheliumintothe
boundarylayerfora temperatureof‘jOOOR. Ithasbeenfoundthatthe. injectionof a givenmassoflightgasismuchmoreeffectivethanthe
samemassofairinreducingskinfrictionandheattransferontheflat
plate.Thesamereductionsaregenerallyachievedwithabout20percent
asmuchhydrogensndaboutk
air.

pe~centas-muchheliumas inthecasefor

INTRODUCTION

Thecoolingof aircrsftexperiencingaerodynamicheatingisbecoming
increasinglynecessaryasthespeedsof contemplatedaircraftbecome
higherandhigher.Evenwiththebestofpresentlyavailablehigh-
temperaturematerials,thesteady-stateheatingofexternalsurfacesof
aircrsftflyingatMachnumbersaround10andhigherwilJoftenrequire
extensivecooling.High-levelheatingregionssuchasfuselagetipsand
wingleadingedgesrequirecoolingatevenlowerMachnumbers.cooling
msyevenproveeffectiveintransientheatingsystems,suchas inballis-
ticmissiles,becausetheheatabsorbingabili~offluidsusedincool-
ingsystems,suchaswater,hydrogen,orhelium,greatlyexceedstheheat

.
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absorbingabilityof solidmaterisl.s,withoutphase
perpoundbasis.

Of thevariouscoolingsystemsavailable,mass
whichthecoolantisultimatelyintroducedintothe
contactwiththeaircraftsurfaceappeartobe more

change,on a pound

transfersystemsin
boundarylsyerin
effectivethanthe
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moreconventionalinternslcoolingsystems(ref.1). Thepresentpaper
isconcernedwitha transpirationcoolingsysteminwhichthecoolant
yassesthroughthe.sutiaceitisprotectingbeforeenteringthesurround-

s.

ingboundarylsyer.Theboundarylayeris consideredtobe turbulent.
AnsLysesandexpertientshavebeenperformedtodeteminetheeffectof
distributedairtranspirationthroughflatsurfacesoverwhichairflows
ina turbulentbo~darylayer(refs.2, 3,dlid4). Theseinvestigations
revealedthatthetranspirationprocessreducesboththeskinfriction
andheattransferassociatedwiththeboundarylayer.Theseeffectsare
qualitativelythesameasthebehaviorofthelaminarboundarylsyer
undersimilarconditionsatthesurface(refs.5 snd‘6).Nowit isknown
(refs.7 snd8)thatinjectionofa lightgasintotheboundarylayerat
thesurfaceismuchmoreeffectivethantheinjectionof airinreducing
theskinfrictionof a laminarboundarylayerona flatplate.

It isthepurposeofthisstudytodetermineiflightgasinjection
sffectstheturbulentboundsrylsyerinan analogousmanner.Thestudy
isconfinedtotheboundarylsyerona flatplateandisdividedinto
threeparts:

(a)A derivationofthebasicfullyturbulentboundary-l~ereqya-
tionsfora binarygassystem,consideringthediffusiononlydueto
concentrationgradients, ..—

(b)An evaluationofmodifiedReynoldsanalogiesbetweenmomentum, .
mass,andheattransferfora binsrygassystem,and

(c)A determinationoftheeffectofforeigngasinjectiononthe
skinfrictionandheat-transferprocessesofa nearlyisothermalturbulent
boundarylsyerwiththenumericalresultsconfinedto theinjectionof
heliumandhydrogen.Inthislatterpart,mixinglengththeoryis —
employedeventhoughitisknowntobe physicallyincorrect(ref.9).
Thepragmaticviewpointistaken.Mixinglengththeoryhasprovideduse-
fulapproximationsinthepast(refs.2,
todo sointhepresentcaseaswell.

SYMBOLS

Cf localskin-frictioncoefficient

CP specificheatat constantpressure

c constsntof integration

3,andlO),soitmaybe expected
—
_.

perunitmass

-.

D= moleculardiffusioncoefficientfora binarymixture .

F injectionmassflowperunitareadividedby themassflowperunit
PwVw

areaof stresmJustoutsidetheboundarylayer,~ D
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symbolforexponentialterminequation(68)

heat-trsnsfercoefficient

enthalpyperunitmass

mixinglengthconstmt

symboldefinedby

molecularweight

symboldefined

pressure

Prandtlnumber

Prsndtlnumber

by

of

as

equation(65)

equation(65)

mixt.e,~

definedby equation(43)

heat-transferrateper

P.?&x
Reynoldsnumber,~ w

~mWReynoldsnumber,~
m

pm~me
Reynoldsnumber,~

m

Schmidtnumber v
‘m

turbulentSchmidtnumber,

unitareaby molecularconduction

Stantonnumber,p UhC
mmpm

temperature

massvelocity

dimensionless

massvelocity

paraJleltoplatesurface

velocity,$

normsltoplatesurface

distancealongplatefromleadingedge

distsncenomal toplatesurface
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definedby equations(81)sad(82)

definedby equation(44)

boundary-layerthicknessperlengthofrun

eddydiffusioncoefficient

eddyviscostty

eddythermalconductivity

m
cf/2

momentumthickness

molecularthermslconductivity

molecularviscosity

density

temperaturerecoveryfactor

frictionalshearstress

massfractionofforeigngas

Superscripts

temporalmeauvd.ue,seeequation(8)

randomlyfluctuatingvslue

Subscripts

a conditionat interface

s.- conditionat interface,onlaminarsubl~erside

a+ conditionat interface,onturbul.ent.side

w conditionat surfaceofplate

C9 conditionatouteredgeofboundarylsyer

.

.

.

*.
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1 lightgas
.

2 air

o zeroinjectioncondition

ANALYSIS

The smlysisofthisreportisquitesimilar,inprinciple,to the
anslyeisofreference3. Themaindifferenceisthatthebasicequations
usedinthepresentanalysisapplytoa two-componentmixtureof gasesj
a foreigngasandair,ratherthanfirslone.Airistreatedasa single
gas,havingthemeanpropertiesofthemixturecontainingthefold.owing
volumefractions:o.78r?2,0.= 02,O.OIA.

Theturbulentboundarylayeris consideredtooccurona flatplate
(i.e.,~p/Zlx=O) orientedparalleltothefreestream.It ispostulated
tobe composedoftworegions:a laminarsublsyer,wherethetransport
ofmomentum,energy,andmassis controlledby molecularmotion;sndan
outerturbulentregionwherethetransportofpropertiesiscontrolled. by eddyingmotion.At theinterfaceofthesetworegions,it isrequired
thattherebe s,continuityofvelocity,temperature,shear,sndmassand
ener~ flux. Theboundarylsyerisconsideredtobe at steadystate.
Onlythediffusionresulthgfromconcentrationgradientsis included;
theotherdiffusionprocessesareconsideredtobe sufficientlysmallfor
thepurposesofthisreportsothattheycanbeneglected.

BasicBoundsry-LsyerEquations

Whentheusualbounda~-layerorderofmagnitudeargumentis
employed,thels.minartransportequationsfora btcomponentmixtureon a
flatplatecanbe derivedfromtheequationsfora nonreactinggasmix-
tureofreferencel.1(~. 698,498,snd516). Theequationscanbe
writtenasfollows:

Continuityofmass

+-pu+~pv=oaY
Conservationofmanentumin x direction

au
$=$ ()

au
‘“&+pv ‘z

(1)
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Conservationofmomentumin y direction

*=0
by

Conservationofdiffusingccngponent

NACATN 4149

(3)

(4)

Consemationofthemnalenergy

An equationrepresentinga conservationoftitalenergy,i + $,
csnbe obtainedby combiningequations(2)~ (.5).Theresulting
equationis

(6)

Thecorrespondingequationsfortheturbulentportionofthe
boundarylayercanbe formedif itisassumedthatthemoleculartrans-
pc%tterms,therightmembersoftheaboveequations,areequalto zero.
This@lies that-theleftmembersrepresentaninstantaneousconvection
ofthecorrespondingpropertiesandthatmolecularmechanismsareneglig-
ible. Theinstsmtaneousvaluesofthedependentvariablesarethen
expressedasthesumofa termthatis invariantwitht5.meanda term
thatvariesrapidlywithtimeina randomfashion.Thus, forexample,

u= ii+u’
1

(7)

Theexpressions(7)arethensubstitutedintotheleftmembersof
equtions(1),(2),(4),and(6)whichinturnhavebeensetequalto
zero.Whenaveragesoffluctuatingquantitiesaredefinedas

—

.

.

—

m
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‘T

where T isan interval.oftimesufficiently
fulaverage,sndwhenthefollowingordersof

;, ~, ~, etc.- ()(5)

7

(8)

largeto obtaina mesning-
magnitudesareapplied,

)
—.
p’u’v’,p’u’u’,etc.- 0(5=)

T, E, &z,&. o(1) [ (9)

h)?, p’,v’, u’,i’<<1
J

where 5 <<1 representstheboundary-layer
of run,thereresultthefollowingturbulent

thicknessperunitoflength
boundary-lsyerequations

(lo)

(u)

(12)

where

(14)
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BoundaryConditions

Theboundaryconditionsimposedontheabove

u= o

T= TV

u.%

ilW= iz(Tw)

12V = i=(Tw)

u= %0

T=Tm

u= o

i~m= il(Tm)

‘% = i2(Tm)

.

equationsareat y = O:

(15)

(16) .

.

Thebounda~conditionw = ~ at y = O (eq.(15))requiressomeexyla-
nation.Onlyinthecaseof surfaceevaporationcanthevalueof ~ be
prescribed,sincethenthepartialpressure”ofa vaporovera liquidisa
functionoftheliquidtemperature.If thelightgasisinJectedinto
theboundarylayer,theconcentrationatthesurface,~, willdependon
thediffusionratethroughtheboundarylayeraswell.astheinjection
rate.Thisdependencecanbe seenfromthe–follcswingsrguments.The
averagemassflowperunitareaat thesurf~cecanbe writtenas .— — -.

P#w= (PIVJW+ (P2~24r (17)

At thesteady-stateconditions,afterairhasdiffusedintothesurface
andestablishedanequilibriumconcentration,thereisnomorenetair
flowthroughthesurface.Therefore(v=)w = O and

~~w’ (P.VJW (18)

Equation(18)canbe rewrittenas

(Plw+ P2#’w= Plvvlw

.

.
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sincep = pl
-.

orP=
Since T=

Now Vlw - Vw

representedby

9

[(!?1+(5)3
oP=L- ~ by definition,

w

(1 - L@vw=%(vlw-vw) (19)

definesthediffusionvelocityoftheinjectedgasandis

()L%(v%- VW) =- D=%
w

Therefore
.

.0

Equation(20),
concentration,

Theabove
is intractable
thefunctional

then,isa moreusefuldefinitionforthesurface
~, thsa(15)fora nonevaporativesystem.

(20)

systemofequations,togetherwiththeboundaryconditions,
becauseof itscomplexitysnda lackofhowledgeabout
dependenceoftheeddycoefficients.At present,then,

approximatemethodssrenecess~.

ShrrplffiedBoundary-LayerEquations

Experiencewiththetheoryforturbulentboundarylayersonflat
plates(e.g.,refs.2 snd3)hasshownthatforpracticalpurposes,vsxia-
tionsofdependentvariablesat a fixedvalueof x canbe foundby
treatingtheboundary-lsyerequationsas totaldifferentialequationsin
y alone,thetermscontainingdifferentiationwithrespectto x being
neglected.In thisprocess,ultimately,variationsinthe x direction
areintroducedby the x variationoftheshearsndheattrsmsferatthe
wall. Thisisthetechniqueemplo@ inthepresentanalysisalso. !I!he. simplifiedboundary-layerequationscanbe writtenforthelaminar
sublsyeras

.
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* (p) = O or pv= ~vw

and

.

(22)

(23)

Thecorrespondingequationsforthe
lqyercanbe writtenas

+ pDE g (i.- 1i=)+u!l~w (24)

turbulentportionofthe%oundary

& -t~ = const.= ~vw (25)

()
~ev~
Ww

.

(26) “

Thesuperscript

Beforeone
associatedwith
temperatureand

barsarenolongerneededfor.clarity.

the

DerivationofReynoldsAnalogies

solvefortheskinfrictionandheattransfer
bounda~layer,itisnecessaryto relatethelocal.

concentrationwith-thelocalvelocity.Thisfacilitates
laterintegrationsandalsopermitsanalogiesbetweenmomentum,mass,
andheattransfer.

.-
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&laLo&ybetweenskinfrictionanddiffusion.-33thesubhyer,the
relationbetweenmomentumandmasstransfercanbe deteminedfromeaua-
tions(22)md (23);Ifeachis integratedwith
boundaryconditionsat y = O areimposed,there

and

Iftherightsmdleft
correspondingmembers
integratedemploying

forsimplicity,there
.

respectto y and{he
results

(29)

(30)

metiersofequation(30)aredividedby the
ofequation(29),andtheresultantequation

Sc =

results

LO-1— =
Wa-l

w— = const.
PDE

[

FE+ (cf/2) ‘c
F’lia+ (cf/2) 1

(31)

(32)
.

Inequation(32)thearbitraryconstantof integrationwasevaluatedat
theinterfaceandthevariablesweremade&nsionless.

Intheouterturbulentportion,equations(26) and(27)are
integratedwithrespectto y andsubjectedto therequirementsthat
thevelocity,concentration,shear,anddiffusionratebe continuous
acrosstheinterface,nsmely

/

%- = ‘a+s(@=9a-=(p’d*)S,+J
Thereresults

%Vwu + Tw=“=v~

(33)

(34)

(35)
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Again,as inthesublsyer,dividingequation(35)by equation(34),
performingtheintegrationwith

andapplyingtheboundaryconditionsat y + m yields

(36)

(37)

.

u

whenthevalueof ~ attheintetiaceiseliminatedbetweenequa-
tions(32)and(37)sndthewallconditionisevaluated,thereresults

“f/2)sc[fia+(Cf/2~sc’‘Sc
1-*=

p+ (cf/4yc’
(38)

whichrepresentsananalo~betweendiffusionandmomentumtransfer. .

Analogybetweenskinfrictionandheattransfer.-Thederivationof
therelationshipbetweenheatsmdmomentumtransferismorecom@exthsn .
theworkoftheprecedingsectionbecausetheeffectoftheshultaneous
mass transfermustbe isolated.WhenthePrandtlandSchmidtnumbers —

(laminarorturbulent)areequal,itispossibleto considertotal
enthslpyonly;however,whentheydiffer,itisnecessa~to consider
bothtemperatureandconcentration.TheassumptionofequalPrsndtland
Schmidtnumbersismadeintheturbulentportionoftheboundarylayer. — .-

Inthelaminarsublayerintegrationofequation(24)togetherwith
incorporationofequation(30)resultsin

~v<i+$)=h~’~vw’”-’)(i.-‘2)‘“’+’ ‘3’)
Now,theenthalpytermontheleft,althoughlargelydependenton T, is
alsodependenton-theconcentrationw. Themembersontherightcontain
termswhicharedependentontemperaturealone,dT/dyandil- ia. TO
makethetermsoftheequationmoreconsistent,theenthslpyterm i of
theleftmemberisexpandedas

i = (oil +- (1 - (A))i2

andequation(39)becomes

.

.
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wherethearbitraryconstantevaluatedat y = O, is

c = 12#wilw+ qc~

(40)

(41)

Theindependentvariableinequation(kO)ischangedfrom y to u by
dividingcorrespondingmenibersofequation(~) by thoseofequation(29).
Inaddition,thefirsttermontherightofeqyation(~) ismultiplied
anddividedby Cpl. Thereresults

(42)

Notethattheconditionoftheequalityoftemperatureoftheindividual
cmnents andthemixtureisemployedhere. It isalsotobe notedthat
a PeculiartypeofPrandtlnumiberappearsinequation(42),wherethe
normalterm cp isreplacedby “cpl.If,formathematicalsimplicity,

isconsideredconstantacrossthesublayer,equation(42)canbe
integrateddirectlyby useofan integratingfactor.Whentheboundary
conditionsat thesurfaceareemployed,thereresults

[

ti[i’ii+ (@j [fi -+(cf/4J 2+i=-ilW+%=’JW2 F (2 - Prx)F2

(cf/2)==*

(2-pr*)~2(m’2)m*]+*[’-(%Jpr*[fi
*or}Cf

Z- ‘r
(44)

To expressequation(~) intermsof temperature,it isconvenientto
let ~= = const.At thesublayersideof theinterface,then,.

.
ra - (fia’/2)~’ + Tw

Ta-=
%*

(45)



Itisnownecessarytodeterminethe
sideoftheinterface,Ta+,whichwillbe
tion(45).By integratingequati.op(28),
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temperatureontheturbulent
matchedto Ta- ofequa-
thereresults

Continuityat theinterfaceofheattransferduetodiffusion~d
conduction,of shear,andofenthal~andvelocityrequirestheconstant
of integrationofthisequationtobe thesameas
namely,equation(41). To simplifytheequation,

.

.

thatforequation(40),
di/dy isevaluatedas

(47)

Bymeansofthedefinitionof i,i = ilu+
readilythatwhentheturbulentPrandtland

%% %

i2(l - w),itcanbe shown
Schmidtnumbersareeqtil .

(48) .
L.

thatsubstitutionofequations(41),(47), and (48) into(46)resultsin *-—

(49)

Theindependentvariableischangedfrom y t~u by dividingthroughby
equation(34);thus —

[ ]%
~vw i - ilw+ (u2/2)-

di
~vwu + Tw ‘X+u (50)

when,forsimplicity,theturbulentPrandtlorSchmidtnuniberis set
eqyaltounity.Whenequation(50)isintegratedwith Cp= setconstant
andthebounda~conditions(16) areapplied,thereresults

F + (cf/2) [
F cp2Tm ] - (dp~~)- CPITW+ (~2/2)

—
F& + (cf/2)

[
= F WacPITa++ (1- wa)cP=Ta+- CPITW+(Ua2/2)] - (%#Pmum)

(51)

Whenequation(51) is solvedfor Ta+ andequatedtotherightmemberof
equation(45), thereresults,aftersomeXw.nipulation,

“

.
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.

%?
CP2(TW- ~) - a(~2/2)

—=
pmuy

F+ (cf/2) %Pa

[

F+(cf/2) [@@(cf/2)]pr*-l[F+(cf/2)]
Fiia+(cf/2)‘1-~ F%+(@) - (cf/2)=* 1

(52)

where

%t~wF=—
Pco%

u
[

= l-iiaz
F+ (cf/2)

% + (CJP)1cPa-—
CP=

1

2[i&+(cf/2)]p+(cf/q] +

(2- Pr*)F2

2(+a 2-pr*[fia+(cf/4Jn*-’p+ (@)] F+ (cf/2)
- f432fia+(cf/2)

1
(53)

(2- Pr*)F2

andnoting

~=
cf/2

t~t cp2= Cp , thena

(54)

F/(cf/2)

[ II

F+(CJP) [%+(cf/2)jp’*

(55)
F(l- ~) %a

+~
Ffia+(Cf/2)

-1
1 (cf/2)=* I

Equation(55)representsthemodifiedReynoldsanalogybetweenheattrans-
ferandskinfrictionwhenturbulentPrandtls.ndSchmidtnumbersare
unity.Theterm u,definedinequation(53),isseenfromequation(54)
tobe a temperaturerecove~factor.

EffectofLitit-GasInjectiononSkinFrictionof
a NearIs=themal,firbulentBoundq

In ordertoevaluatetheskinfrictionexerted
boundarylayercomposedofa mixtb ofa lightgas

Layer

by a turbulent
andair,thelight
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gasbeingtranspiredatthesurface,itisnecessaryfirstto integrate
themomentumequations,(29)and(34)acrosstheboundsryl~er. Because
theseequationscontaintheviscosityanddensityofthemixture
(throughv andev),integrationoftheseequationsin generalmustcon-
siderboththeconcentrationandtempemturevariationacrosstheboundary
layer.Intheprecedingsectionitwasshow thatthelocalconcentration
andtemperaturecouldbe relatedtotheloc~ velocity;therefore,it is
possibleto relatethelocalviscosityanddensitytothelocalvelocity.
Thus,integrationof (29)resultsinthefollowingequationwrittenina
dimensionlessform

(56)

Beforeequti,on(34)canbe integrated,it isnecessaryto express
theeddyviscosity,ev,intermsofa mixinglength.TheUSUal-expre13t3ion —
obtainedby employingthePrandtlmixinglengthconceptis

Rnployingequation(57)withequation(34)yields

(57)
.

(58)

Whentherootofbothsidesofequation(58)istaken,K isassumeda
constant,andtheresultingequationintegratedfrom ua tou, thereis
obtainedindimensionlessform

(59)

Forthepresent,letitbe consideredthattheboundazylayerisnearly
isothermalsothatinintegratingequations(56)and(59)itisnot
necessarytoaccountfortemperaturevariations.Theviscosityand
densitythusbecomefunctionsonlyoftheconcentration.

.

——

—.

Intheprevioussections,thefluidpropertieswithinthesublayer,
suchasSchmidtnumber,havebeentreatedas constantsto simplifythe —
integrations.Thethoughtbehindthissimplificationisthataverage
valuesofthefluidpropertiesinthesublayershouldsufficeforthe –
calculationsoftheconcentration,momentum?andener~ inthesublayer.
Whenthisideaiscarriedovertotheintegrationofeqpation(56), V/pm

.

isreplacedby (l.L/pm), andthereresults
a-v .
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.

(J ??ll+ (cf/2)
‘Y= F ~ Zn (60)

av cf/2

or

(61)

when Ry isevaluatedat &, theinterface.

Inorderto integrateequation(59) in theturbulentportionofthe
boundarylayer,it isconvenientto employthedensityvariation

Thisequationappliestoan isothermalboundarylayerona flatplate
andhasbeenobtainedfromDaltonislawfor~rtislpressuresandthe
perfectgaslaw. Equation(62)mustbe expressed
velocitytofacilitateintegratingequation(59).
when Set= 1,

m + (cf/2)
l-u=

F + (cf/2)

Combiningequations(62)and (63) resultsin

P 1.=—
Pm m-nil

ti- termsofthelocal
Fromeqwtion(37),

(63)

(64)

where

()m=~- $-1 F+c~J~2)
1 1

1

n=
()
%
~-l F + [cf/2)

(65)

lJseof eqwation(64)-permitsintegrationofthearmnt oftheexponent
in equation(59)toyieldfor n > 0 (light-gasinjection)

Ry -K

[

.1 -2Fnti -

1

‘(cf/2)+ ~ - sti-l‘-Ha - n(~f/2)+ @
ln~=~ sin n(cf/2)+ nil? n(cf/2)+ mF

(66a)
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andfor n <0 (heavy-gasinjection)

NACATN4149

(66-b)

Equations(60)and(66)representtheexpressionsforvelocity
distributionintheboundarylayer.

Thesevelocitydistributionswi31beusedto obtainskin-friction
expressions.Notethatonlytheturbulentvelocitydistributionisused
intheintegrationforthemomentumthiclmess.Franreference3, the
skin-frictionintegralequationunderconditionsof surfaceinjectionis

(67)

wheretheintegraltermrepresentsthemomentumthickness,EJ.

Fromequation(59)itcanbededucedthat
.

K(p/p)‘=

[L

U (P/Pm)*=

‘= ’a~e”’”. ~ 1 (68) -

Iftheexponentialtermisrepresentedby thesymbol,g,therightmeriber
of (68)is ya(dg/dti).Substitutionofeqwtion(68)intotheintegral
representing6 resultsin

(69)

Whenuse ismadeofequation(64)andtheindependentvariableis
changedto g,eqyation(69)becomes

Whenequation(70)isintegratedby parts,thereresults

(70)

.

.
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Since g(0)andg(l)arefinite,thefirsttem vanishesbecauseof
theboundaryconditions: = (1at thewalland E = 1 at tieouteredge.
oftheboundarylayer.From(68)andthedefinitionof g

.$=J’G73=U
K

ushg (72), equation(m) becomes

(72)

(73)

Again,integratingequation(73)by parts(notingthat g(1)>> g(0).and.

.

.

.

for J->> (cf/2) + F) andretaining0m% thekrgestterms,
yields

r
g(1) CfRe = Rya~ ~+F (74)

Equation(74)representstherelationshipbetweenthelocalskin-friction
coefficientandthelocalReynoldsnuiberbasedonmomentumthiclmess.

To obtaintherelationshipbetweenthelocalskin-frictioncoeffi-
cientandtheReynoldsnumberbasedonlengthof run,it isnecessaryto
employequation(67)intheform

Cf de dRg
~+F=~=— m~

Onintegratingeqpation(75) thereresults

J% dRg
Rx =

o (cf/2)+F

if thestartoftheboundarylayerisat Rx = O. ~ theuseof
equation(74)equation(76)canbe transformedto

(75)

(76)

Withthe

repeated

J’ {[cf/2 dRya g(l)/K]~~
Rx =

(cf/2)+F (77)
Cf=m

dg(l)useoftherelationsfor Rya,g(l),=d
d[(cf/2)+ F]‘

integrationof equation(77)by partsresultsin
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Ryag(l)

‘x=KJ-
Cf/2 smaller

+ additional
termsm

(78) .

When theboundaryvaluesareimposed,thereresults

Ryag(1)
Rx = (79)

K~-

Equation(79)representstherelationshipbetweenthelocalskin-friction
coefficientandthelocalReynoldsnumberbasedonlengthofrun. In
both(7k)and(79),g(l)isdefinedforlight-gasinjection(n> O)

[[ II.1 -2Fn-n(cf/2)+~ - ~h-l -2Fnfia-n(cf/2)+d?
g(1)‘ew -f= ‘in n(cf/2)+mF n(cf/2)+nW

(80).

andforheavy-esinjection(n< O)

RESULTSANDDISCUSSION

Beforetheendresultsoftheanslysiscouldbe evaluatednumerically,

.

.

itwasnecessarytodetermineforthegasmixturesconsideredthemolecular
transportproperties,viscosity,thermlconductivity,anddiffusioncoef-
ficient,whichcanbe conibinedtoyieldSchmidtandPrandtlnumbers.The
viscositywasdeterminedby themethodofWince(ref.12);thethem
conductivity,by themethodofLindsayandBromley(ref.13);andthe
diffusioncoefficient,by themethodofHirscbfelder,Curtiss,andBird
(ref.n). Thesemethodshavebeenrecentlysummarizedandcomparedwith
otheravailablemethodsby CarlsonandSchneider(ref.14). Itcanbe
concludedfromthelatterpper thatthemethodsusedinthisreportare
inkeepingwiththepresentknowledgeofthemoleculartransportmechanism
inbinarygaseous mixtures.

The
forboth
Figure1
fraction
mixtures

resultsofthesecalculationsareshowninfigures1 through5
helium-airandJqRlrogen-airmixturesat a temperatureof500°R. .
showsthevariationoftheviscosityofthemixturewiththemass
ofthelightgas. It isobse?nedthattheviscositiesofthe
varycontinuouslyas themixtureconcentrationischanged;huwever~ -
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itis interestingtonotethattheviscosityofthehelium-airmixture
canexceedtheviscosityofthepureindividualconstituents.Thecorre-.
spendingthermalconductivityofthegasmixturesis showninfigure2.
Theresultsofthesefiguresarecombinedwiththespecificheatsof the
mixtures,Cp= Cplu+ CP2(1- u),toformthemixturePrandtlnunibers

showninfigure3. It shouldbe notedthatsmallconcentrationsofthe
lightgas,u ~ 0.1,markedlyreducethePrandtlnumberofthemixtmre
fromthevalueofeitherofthepureconstituentsinbothmixtures.
Valuesaslowas 0.42and0.46resultforthehydrogen-airamdhelium-
airmixtures,respectively.ThePrandtlnumber,Pr*,definedby equa-
tion(43),inwhichthespecificheatusedisthat‘ofthelightgas,
ratherthsnthatforthemixture,iS shownplottedinfi~re 4. It is
seenthat Pr* variesconsiderablywithvariationsof themassfraction
of thelightgas,especiallyatthelowervaluesof u. Theimportance
of thislargevariationof Pr* isdiscussedlaterincon~unctionwith
thediscussionoftheheat-transferresults.TheSchmidtnumbersforthe
gasmixturesareshowninfigure5;thediffusioncoefficientusedfor
thesecalculationswasdeterminedby meansoftheequationsof referenceH.
fora temperatureof 500°R anda pressureof oneatmosphere.It is seen
thattheSchmidtnumbervariesconsiderablytiththemassfractionofthe
lightgas,theincreasebeinglargelyduetothedecreaseindensityof
themixture.

It isrecalledthatintheAnslysis,integrationsacrossthelsminar
sublsyerwereperformedconsideringtheSchmidtnumber,Sc,thePrandtl
number,Pr*,andtheviscosityratio,V/pm,constantandequsltothe
averagevalueinthesublayer.Thiswasdoneto simplifytheintegrations .
andwasthoughttobe justifiedby thethinnessofthesublayersothat
onlysmallchangesinthetransportparameterswereexpected.To check
this,curvessuchas showninfigure6 wereevaluatedfromthenumericsl
results.In thisfigurethereis shownthesurfacesmdinterfaceconcen-

—

trationofthelightgasesa6 a functionof theinjectionrateparameter,
~,whichisequal.to thelocaldimensionlessin~ectionrate,F, divided
by thelocslskin-frictioncoefficient,cf/2. Thesecurvesapplyto a
positionwherethelengthReynoldsnuniberis10million.It isseenthat
theconcentrationsofthelightgaseschangeabout20~ercentthroughthe
sublayerovermostof the ~ rangeshown.Fromfigures4 and5, it can
be seenthata 20-percentchangeinconcentration,dependingonthevalue
of u, canproducelargechangesin Pr*andSc. Ttbecamenecessaryto
investigatewhateffectsthesechangescouldproduceintheendresults.
In thedeterminationof ~ fromequation(32),where ma isobtained
fromequation(37),theprocedurefollowedwastoestimatetheSchmidt
number,calculate~ andthendeteminea newSchmidtnumberas

Sc =

ThisSchmidtnwnberwas
Theiterationprocedure

thenusedinequation
convergedrapidlyand

(32) tO re-evsluate~.
requiredonlytwosteps,
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A variableSchmidtnumberwhichwaslinearwithconcentrationwasused
to integratetheeqpationsleadingtoequation(32).Thelatterresults
weremorecomplicatedalgebraicallyandwerenotsignificantlydifferent
fromthoseofthesimplerequation(32).Theadditionalcomplicationsof
permittingtheSchmidtnumbertovary,therefore,werenotwarranted.

Oncetheconcentrationvariationsacros$thesublayerwereevaluated,
itwaspossibletodeterminethedegreeofapproximationinvolvedinusing
averagePr*andV/pm acrossthesublayer.Itwasfoundthatusingthe
Pr* correspondingto theextremevaluesof @a andw inequation(55)
producedonlyabouta 3-percentvariationinStantonnuniber,withthe

‘Swersbased‘n ‘<*) lyingroughlyhalfwaybetweentheextremes.

Thiswouldindicatethattheeffectsofthevariationsin Pr* werenot
significant.Also,substitutingtheextremevalueofviscosityassociated
with ua and~ resultedin,atmost,a variationof2 percentinthe
skin-frictioncoefficientwhen plottedagainstlengthReymoldsnumber;
againthisisnotdeemedsignificant.It c=”beconcludedthatthe
simplifiedmathematicalstepsoftheaualysisdonotintroducelarge
errorsandareadequateforsnexploratorytypeofanaljsissuchaathis.

Besidesprovidinginformationforassessingtheaccuracyofthe .
calculations,thecurvesinfigure6 provideinterestinginformation
fromthephysicalviewpoint.Thecurvesof ~ showhowtheconcentra-
tionofthelightgasatthesurfaceincreaseswithincreasedinjection. .
Onlyatthehighestinjectionratesshowndoes ~ approachunityorthe
alllight-gascondition.At thelowinjectionrates,~ <1, thegasat
thesurfaceiscomposedmostlyof air.

Numericalev-ation ofequation(79)employingequations(61)
and(80),with K = 0.392and fia= 13.1~~- (ref.3),resultsinthe
values of skin-frictioncoefficientshown&figures 7(a)and7(b)for
heliumandhydrogeninjectionintoanisothermalboundarylayer.The
yarsmeterofthecurvesistheterm ~ andwaschosenbecausethecondi-
tionofa fixed ~ resultsinnearlya constantsurfacetemperaturewith
transpirationcooling.The ~ = O curveisfromreference3. Ingeneral,
itisnotedfromeitherfigurethatincreasedinjection,lsrger~,causes
theskinfrictiontodiminish.Thisloweringoccursquiteuniformlyover
theentirerangeofReynoldsnumbersshown.

TheeffectofQjectioninreducingtheskinfrictionisshownmore
clearlyinfigures8(a)and8(b).Here,theordinaterepresentsthe
ratiooftheskin-frictioncoefficientto itscorrespondingvalueat
zeroinjection.Theabscissaistheratioofthelocaldimensionless
injectionratedividedby thelocal.skin-frictioncoefficientcorrespond-
ingto zeroinjection.Fromthenumericalresultsof reference3 itcan
be shownthatthesedimensionlessgroupsareconvenientcoordinatesto *7

showtheeffecton skinfrictionduetoairinjectioninnonlsothemnal
boundarylayersbecausetheeffectsofW=n umber,walltofree-stresm
temperature,andReynoldsnumberarelargelydiminishedby useofthese ~

.



NACATNk14g 23
k

coordinates.Thus,inan anslogousmanner,it isconsideredthatthe
isothermalboundary-la~rresultsshowninthesefiguresmaybe indicative.
ofwhatoccursmoregenerally.Again,thelargereductionsof skinfric-
tionby theinjectionofeitherof thetwogasesareevidentforeachof
theReynoldsnumbersshown.

A comparisonof therelativeeffectivenessinreducingskinfriction
by injectionofhelium,hydrogen,andair(ref.3) isshowninfigure9.
ThevalueRx = 107ispickedforthiscomparison.It isapparentthat
thelightgasesaremuchmoreeffectivethanairinreducingskinfric-
tion. Forinstance,a X-percentreductionin skinfrictionwould
requiremass-flowratesforhydrogen,helium,andairintheproportion
of0.21:0.394:1.0;or lwkingat theresultsina differentway,a
mass-flowrateof F/(cf/2)o= 0.80wouldcauseskin-frictionreductions
of 89,62,and29.Spercentforhydrogen,helium,andair,respectively.

Iftherestrictionthatthebounda~layeris isothermalisrelaxed
sufficientlytopermitsomeheattrmsferwithoutalteringtoanysig-
nificantextentthepropertiesof thegas,it ispossibleto determine
theeffectof injectionontheheattrsmsferby meansofthepreceding
calculationsoftheskinfriction.Theseheat-transferresultscsnbe
expressedintermsofStantonnumberandtemperaturerecoveryfactor.

Theeffectof surfaceinjectionoflightgasesonStantonnumberis
showniqfigures10(a)and10(b).HeretheratioofStantonnumberto
itsvalueforzeroinJectionisplottedforthreeReynoldsnumbersagainst
thedimensionlessinjectionrate,F, dividedby theStantonnumbercorre-
spondingto zeroinjection,S%. Thiscoordinatesystem,as inthe
coordinatesystemusedforskinfriction,hasbeenfoundconvenientfor
airinjectiontodiminishtheeffectsofMachnumber,Reynoldsnumber,
andratioofwaJ2tofree-streamtemperature.It isbelievedthatthis
coordinatesystemmaytendto generalizethepresentresultsto conditions
thatdifferfroma nearlyisothermalbounda~layer.

Itmaybe seenfromfigures10(a)and10(b)thatincreasingthe
injectionratefroma zerovalueatfirstincreasestheStantonnumber
slightly.At higherinjectionratestheStantonnumberisreducedina
mannersimilarto thatoftheskinfriction.Theslightincreaseinthe
Stmtonnumberforthelowinjectionratecanbe explainedby examining
equation(55).Thedenominatorof therightmemberis seentobe composed
of thesumoftwoterms.T!hefirstterm,calleda andgivenby

csnbe consideredtobe proportionaltotheresistance
theouterturbulentportionand,similarly,thesecond

(81)

toheatflowof
tem ~ where
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CP*
P

F+ (cf/2) [m+ (@)]pr*

[ 1[=~F’Ea+(4a
(cJ2)pr* -l}=*L*)!~fi.+l)pr*-ll -
.J.1, .

(82)

resistancetoheatflowofthelaminarsublayer.
0,andthereisno subl~r, 13hasthevsluezero

—

toheatflowoccursintheouterturbulentportion.
thattheconverseis&ue, thatis,alltheresist- —

ispropomionslto-the
Forinstance,”if ua =
andalltheresistance
If iia= 1, itisseen
antetoheatflowwouldbe duetothels.minarpofiionof theboundary
lsyerbecausea isnowzero.Nowthen,whathappensatverylowinjec-
tionrates?When‘F,or ~, is small,~ canbe rewrittenby expanding
thelastbracketedtermina series,thus,

‘=2f-!+59[pr*’”a+pr*(p$-1)’~2+***1 ’83)
or

Cp
limp =#Pr*fi

%a
C a= prav~ @a

g+o p. .aV

It isseenthatforsmallinjectionrates,theresistanceofthesublayer
to heattransferisproportional.tothePrandtlnumber,evaluatedatthe .

averageconcentrationinthesublsyerandtothe-ratio”cpa/cpav.Note
thatforlightgases cPa/cPav<1 sinceMa< Wav@ Cpl > CP2. TO

illustratethebehaviorof u andp numerically,emexampleisconsidered
usingequations(81)and(83).Forhydrogeninjectionat F/St.= 0.046
andRx = 108,theaverageconcentrationof&3rogen,byweight,inthe
sublayerisfoundfroma figuresuchasfi~re 6 tobe about3 percent. -=
It isnotedfromfigure3 thatthissmallco~centrationofhydrogencauses
a decreaseof30percentinthePrandtlnumberof themixtureintheSU%-“-— ‘“—-—
layer.Fortheseconditions,theterm ~“ isequslto0.016.Now,if
thisdropinPrandtlnumberdidnotoccur,thatis,ifthePrandtlnumber

——-

andthesyecificheatremainedthatofair.,thentheterm B wouldbe
equalto0.0242andtheresistancetoheatflowinthesublsyerwouldbe
increased.-Sincethevalueof a is0.0277,thetotalresistanceto
heatflowthroughthewholeboundarylayeris16percentlessforthe
binarymixturethanforthe.casewherethePrandtlnumberandspecific
heatwerethevaluesof air. Thistendency:todecreasetheresistance —
toheatflow,orto increasetheStantonnumber,appearsforthelower
injectionratestobe largerthanthenorms3tendencyoftheinjection
processaloneto reduceStantonnumber.At thehighinjectionrates,the
effectofpropertychangesto increasetheStsntonnumberbecomessmaller ““
andtheeffectof theinjectionprocessalonebecomeslargersoas to .
predominate,andcausesthedecreaseofStantonnumberwithinJection ..

showninfigure10(b).A similarexplanationappliesforthecaseof “
helium.
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A comparisonof therelativereductionofheattransferby injection
ofhydrogen,helium,andairintotheturbulentboundarylayerisshown
infigure1.1.Thecomparisonismadefor Rx = 107. It isevidentthat
thelightgaseswheninjectedintotheboundarylayeraremoreeffective
thsnairinreducingtheheattrsnsfer.To reducetheheattransferto
50percentof thezeroinjectionvaluerequiresmass-flowratesof hydro-
gen,helium,andairintheproportionof0.19:0.42:1.0. As another
methodof comparison,a mass-flowrateof F/St. ofO.&1willcause
heat-transferreductionsof 90,60,and.27.5percentforhydrogen,helium,
andair,respectively.Includedinfigure11 aretheexperimentaldata
ofLeadonandScott,reference15,forinjectionofheliumandairinto
a turbulentboundarylayerfor Rx = 4x108,at a Machnumber3.0,anda
walltofree-streamtemperatureratioof 3.30. Thectie forairis
obtainedfromreference3 forMachmmnberzeroandwslltemperatureegyal
tofree-streamtemperature,thatis,a nearlyisothermalboundaglsyer.
Theagreementbetweentheoryandexperimentisgoodforairinjection.
If it isassumedthatthepresenttheoreticalheat-transferresultsfor
theheliuminjectionaregeneralizedby thecoordinatesystemoffigure11
as theyareforair,thenitis seenthatforheliuminjectionthetheory
doesnotagreecloselywithexperimentbutcertainlyindicatesthe
relativeadvantagesofheliuminjection.

.

.

A comparisonofthevariationof recove~factorwithinjectionof
hydrogen,helium,ad airis showninfigure32 for Rx = 107. Thezero
injectionvslue,ao,sndtherecovery-factorcurveforairhavebeen
obtainedfromreference3. Thedipinthecurvesforthelowinjection
ratesforbothhydrogenad heliumaa contrastedto airmsybe explained
by thereductionofthePrmdtlnumberwithinthesublayerof theboundary
layer.ComparisontiththeexperimentalresultsofLeadonandScott,
reference15,clearlyshowsthatthetheoreticalcurvesdo notindicate
thetrendsoftheexperimentalrecoveryfactorwithinjectionforeither
heliumor air. Thedisagreementbetweentheoryandexperiment,evident
inthisfigure,emphasizestheneedfor@roving thepresenttheory
beforeitcanbe appliedwithconfidencetopredictrecove~factors.

CONCLUDINGREMARKS

A mixinglengththeoryinwhichitis assumedthatboththeturbulent
SchmidtandPrandtlnunibersareunityhasbeendevelopedforthecaseof
theinjectionofforeigngasesintothesirof a turbulentboundarylsyer.
Ithasbeenfoundthat:

1. Fromtheviewpointof reducingskinfrictionby injection,helium
andhydrogenaregenerally2.5and5.0timesaseffectiveas airon a mass
basis..

2. FromtheviewpointofreducingStantonnumberby inJection,
heliumandhydrogenaregenerally2.4and5.2timesas effectiveas air
on amassbasis.
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39 Therearenoma~oreffectsontemperature-recoveryfactordue
to theinjectionofheliumandhytiogen. *

At present,no dataexistforevaluatingtheresultsof item1. For
item2,however,experimental.resultsgenerallyconfirmthehigheffec- “-
tivenessofthelightgasesinreducingtheStantonnuniber,althoughthere
doesnotexistexactquantitativeagreementbetweentheoryandexperiment.
“Foritem3,thetheorydoesnotevenindicatethegeneraltrendsofthe
experimentaltemperature-recoveryfactors.

Eventhoughmixinglengththeoryisknowntobebasicallyincorrect,
manyusefulresultshavebeenobtainedthroughitsuse. Ithasbeenshown
inreference16 inwhicha mixinglengththeorywasusedthattaking
accountofvariationsinthesheardistributionacrosstheboundazylayer
andpermittingdeviationsoftheturbulentPrandtlnumberfromunityhave
improvedtherepresentationoftheStantonnumberendparticularlythe
temperature-recove~factorofa single-constituentgas. Frcmthisit
is indicatedthatthepresentsnalysisshouldbe extendedto incorporate
variationsinshearacrossthebounda~layeranddeviationsfromunity
oftheturbulentSchmidtandWndtl numbers.

AmesAeronauticalLaboratory .
NationalAdvisoryCkmmitteeforAeronautics

MoffettField,Calif.,Nov.18,1957 .
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